In this paper, we propose a geometrical approach to mirror computation of genus 0 Gromov-Witten invariants of CP 2 . We use multi-point virtual structure constants, which are defined as intersection numbers of a compact moduli space of quasi maps from CP 1 to CP 2 with 2+n marked points. We conjecture that some generating functions of them produce mirror map and the others are translated into generating functions of Gromov-Witten invariants via the mirror map. We generalize this formalism to open string case. In this case, we have to introduce infinite number of deformation parameters to obtain results that agree with some known results of open Gromov-Witten invariants of CP 2 . We also apply multi-point virtual structure constants to compute closed and open Gromov-Witten invariants of a non-nef hypersurface in projective space. This application simplifies the computational process of generalized mirror transformation.
Introduction
Mirror computation of the genus 0 Gromov-Witten invariants of CP n has been investigated by several authors [2, 5] . They were motivated by the Landau-Ginzburg potential proposed by Eguchi, Hori and Xiong in [3] :
In [2] , Barannikov introduced a pair (X, f ),
and considered a potential function,F (x; t) = f + and oscillating integrals,
where ∆ k is some appropriate relative n-cycle of X. He next introduced functions ψ k satisfying the following normalization condition, where F CP n (y) is the generating function of genus 0 Gromov-Witten invariants of CP n . His method is fundamentally the same as use of Birkhoff factorization to construct connection matrices of quantum cohomology from Picard Fuchs equation includingh [4, 5] . In [5] , Iritani pointed out this fact and reformulated Barannikov's result in terms of extended I-function of CP n [6] . In this paper, we propose a geometric approach to mirror computation of genus 0 Gromov-Witten invariants of CP 2 by extending our previous results in [9] . In [9] , we proposed a general conjecture that for a toric manifold X, we can construct a compact moduli space of quasi maps from CP 1 to X of degree d with two marked points, which we denote by M p 0,2 (X, d). We also conjectured that an intersection number w(O α O β ) 0,d of M p 0,2 (X, d), which is defined as an analogue of the genus 0 Gromov-Witten invariant O α O β 0,d of X, gives us the data of the B-model of mirror computation. Especially, w(O 1 O β ) 0,d gives us the information of the mirror map by the following correspondence.
(1.8)
In the above formula, η αβ is the inverse of the classical intersection matrix η αβ = X α ∧ β and
where γ runs through additive generators of H 1,1 (X). The subscript α in (1.8) is not restricted to H 1,1 (X) and can vary at least the range of the sub-ring of H * , * (X) multiplicatively generated by H 1,1 (X). But the deformation parameters x γ are restricted to H 1,1 (X). This restriction comes from the fact that the intersection number w(O α O β ) 0,d is a two point correlation function. In order to include deformation parameters that couple to cohomology elements other than H 1,1 (X), we have to define 2 + n point correlation functions. This task forces us to construct a compact moduli space of quasi maps with 2 + n marked points. In constructing M p 0,2 (N, d) := M p 0,2 (CP N −1 , d) in [9] , the number two is special because it is based on geometric invariant theory of C × action on CP 1 , that keeps 0 and ∞ in CP 1 fixed. On the other hand, Alexeev and Guy considered various compactification of the moduli space of (complex structure of) CP 1 with marked points in [1] . In their examples, there exists a compactification that corresponds to C × geometric invariant theory. We denote this moduli space with 2 + n marked points by M 0,2|n because the first two marked points 0 and ∞ are special. Main difference from the moduli space M 0,2+n , which is compactified by P SL(2, C) geometric invariant theory, is given as follows. In the open stratum of M 0,2|n , the n marked points are distinct from 0 and ∞, but they can coincide with each other in C × = CP 1 − {0, ∞}. Boundaries of M 0,2|n consist of stable curves of chain shape, whose component CP 1 's are connected at 0 and ∞. The boundary structure of M p 0,2 (N, d) given in [9] is the same as the one of M 0,2|n . In this paper, we construct M p 0,2|n (N, d), the compact moduli space of quasi maps from . This intersection number satisfies the puncture axiom and the divisor axiom of the Gromov-Witten invariant with respect to the operator insertions that correspond to the latter n marked points. Moreover, we can derive a closed formula of w(O n a O h b | n j=1 O h m j ) 0,d by applying the same localization technique as the one used in [9] . With this set-up, we can generalize (1.8) in the CP N −1 case, to include deformation parameters x j coupled to h j (j = 0, 1, 2, · · · , N − 1).
. We conjecture that substitution of inversion of (1.9) 
. In this paper, we test numerically this conjecture in the CP 2 case. The result indeed supports our conjecture. At this stage, a natural question may occur. Does the mirror map constructed in (1.9) coincide with the mirror map obtained from the method of Barannikov and Iritani? In this paper,we compare our mirror map for CP 2 -model with the mirror map derived from Iritani's extended I-function. We find that they do not coincide. But, we cannot conclude only from this fact that our construction has no connection with the standard mirror computation of CP 2 -model. According to Iritani [6] , there are infinitely many ways to choose a polynomial that couple to the deformation parameter x 2 . If we change the polynomial, the mirror map obtained from Birkhoff factorization may vary. Up to now, we have tested only one choice. Therefore, we cannot deny the possibility of appropriate choice that reproduces our mirror map.
Next, we apply the moduli space M p 0,2|2n (3, 2d − 1) to compute open Gromov-Witten invariants of CP 2 . We define an anti-holomorphic involution of M p 0,2|2n (3, 2d − 1) that exchange the two special marked points. We
invariant under the involution.@ It is nothing but the moduli space of quasi maps from disk {|z| ≤ 1} to CP 2 . Here, boundary of the disk is mapped to RP 2 , the real Lagrangian submanifold of CP 2 . The special marked point is 0 and the remaining n marked points can lie freely on {0 < |z| ≤ 1}. With this set-up, we compute a intersection number
This line of construction is a generalization of our previous work [10] on one point open Gromov-Witten invariants to 1 + n point GromovWitten invariants. With this construction, we can compute
Then our question is the following. If we substitute inversion of the mirror map given in (1.
The answer turns out to be "no". The result so obtained did not reproduce
m l disk,2d−1 with lower d that can be computed from localization theorem (naively) applied to the moduli space of stable maps for open GromovWitten invariants. After some try and errors, we found a way to remedy this disagreement. It is to introduce unnatural deformation parameters t j (j = 3, 4, · · ·) that couple to h j . Note that h j = 0 (j ≥ 3) in H * , * (CP 2 ), but we can formally compute non-zero
m l ) disk,2d−1 because the closed formula for this intersection number is represented in the form of a residue integral. In order to obtain the mirror map, we also have to compute
with a ≤ −1 on the closed string side. But it is possible since the closed formula for The first four numbers coincide with the numerical results obtained from localization computation applied to the moduli space of stable maps for open Gromov-Witten invariants. Our construction of multi-point intersection numbers for quasi maps can be easily generalized to degree k hypersurface in CP N −1 (we denote it by M k N ). In this case, we can use our new intersection numbers to simplify computational process of generalized mirror transformation [8, 7] . In the k > N case, generalized mirror transformation for two point Gromov-Witten invariants includes multi-point intersection numbers. But in [8] , the intersection numbers we have as initial data are the ones that correspond to w(O h a O h b ) 0,d . Therefore, in order to obtain multi-point intersection numbers, we have to use associativity equation [12] . This process made the computation awfully complicated. In the open string case [10] , this obstacle also made the mirror computation of open Gromov-Witten invariants of M k N (K > N ) incomplete. Now that we have multi-point intersection numbers on the B-model side, we can execute the generalized mirror transformation only by one process of coordinate change. In this paper, we apply this idea to compute both closed and open Gromov-Witten invariants of M 9 8 . It works well as we expected. Especially in the open string case, we don't have to introduce unnatural deformation parameters in contrast to the CP 2 case. This paper is organized as follows. In Section 2, we first construct M p 0,2|n (N, d), the compact moduli space of quasi maps from CP 1 to CP N −1 of degree d with 2 + n marked points. After giving definition of the intersection . We show that our new formalism simplifies the process of generalized mirror transformation in [8] and [10] , by presenting explicit numerical data. 
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where s and t are homogeneous coordinates (s : t) of CP 1 .
[ * ] denotes equivalence class of * under projective equivalence of CP N −1 . Our construction is based on construction of M p 0,2 (N, d), the moduli space of quasi maps from the above semi-stable curve to CP N −1 with two marked points. Its construction was given in our previous work [9] . In constructing M p 0,2 (N, d), we considered a chain of quasi maps 
But there occurs one subtlety. We have to consider the case when some of the n marked points are located at (0) i or (∞) i . To describe this situation, we need to insert M 0,2|n , the moduli space of complex structure of CP 1 with 2 + n marked points compactified by C × geometric invariant theory, to these points. Now let us begin construction of M p 0,2|n (N, d). As the first step, we define
It is defined as follows:
In this definition, the first two marked points that correspond to 2 in the subscript 2|n are 0 and ∞ in CP 1 . We note here that z j 's need not be distinct points in C × = CP 1 \ {0, ∞} when n > 1. We define here the (
The first two marked points are (0 : 1) and (1 : 0) and the remaining n marked points are given by z j = sj tj (j = 1, 2, · · · , n) respectively. The condition a 0 , a d = 0 guarantees that images ϕ(0 : 1) and ϕ(1 : 0) are well-defined in CP N −1 . The first C × action in (2.12) corresponds to projective equivalence of CP N −1 and the second one corresponds to automorphism group of CP 1 that fixes the first two marked points.
When we consider the moduli space of quasi maps with marked points, it is important to consider evaluation maps. For the first two marked points, we define evaluation maps ev 0 and ev ∞ as follows:
where [ * ]'s in the l.h.s.'s denote the equivalence classes under the (C × ) 2 action. To define evaluation maps ev i (i = 1, · · · , n) that come from evaluation of a quasi map at z i , we have to take care of a subtlety arising from "freckled instantons". A freckled instanton is a quasi map ϕ(s : t) whose defining vector valued polynomial
In (2.14),
. Therefore, we define ev i as follows:
As was suggested in the construction of M p 0,2 (N, d) in [9] , we can easily see that M p 0,2|n (N, d) is not a compact space. Therefore, we compactify it by adding boundary strata. We start this process by taking M 0,2|n (N, 1) as an example. In this case, it is obtained by taking (
Therefore, it is not compact. To compactify this space, we have to add boundaries to describe the situation that some z i 's go to 0 or ∞ in CP 1 . For this purpose, we introduce M 0,2|n , the moduli space of complex structure of CP 1 with n marked points compactified by stable curves of chain shape. To construct M 0,2|n , we start from an open stratum M 0,2|n defined by,
where C × action is given by µ · (z 1 , z 2 , · · · , z n ) := (µz 1 , µz 2 , · · · , µz n ). The two marked points that correspond to 2 in the subscript 2|n are 0 and ∞.
We can easily see that M 0,2|1 is just an one point set. Then we decompose the subscript set {1, 2, · · · , n} into disjoint union of ordered l subsets (1 ≤ l ≤ n):
With this set-up, M 0,2|n is give by a disjoint union of strata as follows:
In (2.20), a point in the stratum labeled by l j=1 A j corresponds to the stable curve ∪ l i=1 (CP 1 ) i where (CP 1 ) i has |A i | marked points (z j ) i (j ∈ A i ) other than 0 and ∞. With this stable curve in mind, how to glue these strata is obvious. Next, we introduce a compact space M 0,2|n (N, 0) given by,
For brevity, we also introduce an auxiliary space M p 0,2|0 (N, 0) := CP N −1 . We then turn back to compactification of M p 0,2|n (N, 1). We decompose the subscript set {1, 2, · · · , n} into disjoint union of three subsets:
In (2.22), each subset can be an empty set. Then M p 0,2|n (N, 1), the compactification of M p 0,2|n (N, 1) is given as follows:
(2.23) In (2.23), the stratum labeled by A 0 B 1 A 1 corresponds to the configuration of marked points where
is a fiber product with respect to the projection π :
is also a fiber product with respect to ev ∞ :
and the projection π :
We now turn into construction of M p 0,2|n (N, d). For this purpose, we look back at the construction of
e., the n = 0 case. In this case, we introduce ordered partition of the degree d:
In [9] , M p 0,2 (N, d) was constructed as follows:
where
where A i and B j can be empty sets. Then M p 0,2|n (N, d) is given as follows:
A point in the stratum in (2.27) labeled by (
With this set-up, we can easily extend the definition of the evaluation maps
Localization Computation
In this section, we compute an intersection number
) by using localization technique developed in [9] . Here, h is the hyperplane class in H * (CP N −1 ). It is defined by the following formula:
where · is the product of the cohomology ring 
where [ * ] represents equivalence class under the (C × ) d+1 action used in the toric construction. See [9] for details. In [9] , we used fundamentally the same C × action as (2.29) , that acts on M p 0,2 (N, d). It was defined by, 
Therefore, fixed points appear only if n = 0 and they are given by,
Even after the trivialization, we still have remaining Z d action: 
We have non-empty fixed point set only if B i = ∅ (i = 1, 2, · · · , l). If this condition is satisfied, the fixed point set of the stratum is given by
Here the first factor represents a chain of quasi maps: This fixed point set is also a set of orbifold singularities on which l j=1 Z dj acts. We have determined the fixed point sets of M p 0,2|n (N, d) under the C × action of (2.29). To proceed the localization technique, we analyze contributions from normal bundle of the fixed point set labeled by (d 1 , · · · , d l ) and l i=0 A i = {1, 2, · · · , n}, to localized integrand. For brevity, we introduce another notation of an ordered
In the following, we denote by h fi the hyperplane class of (CP (2.27) . By fixing the ambiguity coming from (C × ) 2 action, we can represent M p 0,2|0 (N, f j − f j−1 ) in the following form:
Therefore, normal bundle is given by
. As we have discussed in [9] ,
. Hence its first Chern class is given by,
According to [9] , its character of the C × action is,
These results lead us to the following contribution to the localized integrand:
Next, we compute contribution from M 0,2||Ai| , (i = 1, 2, · · · , l − 1). If A i = ∅, the contribution comes from smoothing nodal singularity [a fi ]. This factor in the normal bundle is identified with
) and its equivariant first Chern class is
. Therefore, the contribution to the localized integrand is given as follows:
If A i = ∅, we have a nontrivial stable curve that corresponds to a point in M 0,2||Ai| . The factors in the normal bundle coming from these components are degrees of freedom of smoothing nodal singularities that connect the stable curve with
. Let C i be the stable curve mentioned above. Then these two factors are identified with
. Hence we obtain the following contribution:
At this stage, we temporarily set Λ i0 :=
and rewrite (2.41) as follows:
To proceed the localization technique, we integrate out the above equivariant class on M 0,2||Ai| .
(2.43) The intersection number that appear at the right end of (2.43) has been already computed in [1] , [13] and it is given as follows:
Combining (2.43) with (2.44), we obtain the following contribution to the localized integrand:
If we compare (2.45) with (2.40), we can easily see that (2.45) is applicable to the case of A i = ∅. We also have to determine contributions from M 0,2||A0| and M 0,2||A l | . It is sufficient to consider the case of M 0,2||A0| . If A 0 = ∅, we have no contribution from the normal bundle to the localized integrand. If A 0 = ∅, contribution comes from smoothing the nodal singularity that connects the stable curve described by
As discussed in the previous case, we have to compute the following integral:
Application of (2.44) leads us to the following contribution to the localized integrand:
(2.47)
In the same way as above, we obtain the contribution from M 0,2||A l | :
Finally, the contributions to localized integrand coming from ev 0 (h a ), ev ∞ (h b ) and ev i (h mi ), (i = 1, 2, · · · , n) are given by the following correspondence: A j = {1, 2, · · · , n}. Since A j can be an empty set, this label is equivalent to determining the point [a fj ] to which the marked point z i is mapped, for each i ∈ {1, 2, · · · , n}. Therefore, we can replace the label
In (2.50), we used both (d 1 , · · · , d l ) and 0 = f 0 < · · · < f l = d to denote an ordered partition. We also formally set d 0 = d l+1 = 0 for brevity. Before integrate out (2.50), we sum up the integrand by the label (j 1 , j 2 , · · · , j n ).
If we pay attention to the third line of (2.50), the factor that comes from i sums up to the following factor by varying j i from 0 to l:
We introduce here a rational function:
Then we can rewrite (2.51) into the form, These consideration leads us to the following formula for the localized integrand summed up by the label (j 1 , j 2 , · · · , j n ). 
where the hyperplane class of (CP N −1 ) j , (j = 0, 1, · · · , l) is given by h fj . But this is not the end of the story. If we pay attention to the equality: CP N −1 h j = δ j,N −1 , we can apply replacements,
where z fj is a complex variable and
dz is the operation of taking a residue at z = 0. We then apply shift of variables z fj → z fj − λ fj , (j = 0, 1, · · · , l) and obtain the following equality:
dz means the operation of taking a residue at z = λ. Let us consider here the following residue integral:
dz j means the operation of taking residues at z j = λ j and z j = zj−1+zj+1 2
As we demonstrated in [9] , we can observe by elementary computation that the summand labeled by 0 = f 0 < f 1 < · · · < f l = d in (2.57) is obtained by taking residues of (2.58) at
. Finally, we take the non-equivariant limit λ j → 0 (j = 0, 1, · · · , d) of (2.58) and obtain the following theorem:
In this section, we discuss how to compute the genus 0 Gromov-Witten invariants of CP 2 by using the multi-point virtual structure constants, i.e., the intersection numbers computed in the previous section. H * , * (CP 2 ) is spanned by h j (j = 0, 1, 2). Therefore it is convenient to write the intersection number as
. The formula (2.59) restricted to CP 2 is given as follows.
We show below important characteristics of the intersection number that follows from (2.60).
Proposition 1 The multi-point virtual structure constants satisfy the following equalities: (i)
proof ) (i) follows from the equality :w 1 0 (z, w) = 1 − 1 z − w = 0. As for (ii), it is enough to note,
This proposition says that for operator insertions at the right hand side of "|" , both the divisor axiom and the puncture axiom for Gromov-Witten invariants hold. Motivated by this fact, we introduce the generating function of the multi-point virtual structure constants with respect to operator insertions at the right hand side of "|". In (2.63), we only consider three operator insertions for degree 0 virtual structure constants and identify them with classical intersection numbers, just as we do in the case of Gromov-Witten invariants. The assertion of Proposition 1 simplifies the generating function in the same way as the Gromov-Witten case.
Proposition 2
Therefore, we only have to compute
. From degree counting of the residue integral formula, we can easily see that the non-zero virtual structure constants appear only when a + b + m − 2 = 3d − 1 for d ≥ 1. We also introduce here the corresponding generating functions of genus 0 Gromov-Witten invariant of CP 2 . 
Definition 2 Let
Our question in this section is whether we can compute
2 )) 0 as the starting point. Our key to answer this question is the observation done in [9] . Let us illustrate our observation by taking quintic Calabi-Yau hypersurface in CP 4 as an example. In [9] , we consider the two point virtual structure constant w(O h a O h b ) 0,d for the hypersurface that is given as the intersection number on M p 0,2 (5, d). We introduced the generating function,
which is non-zero only when a + b = 2. We proved that t = 
We introduce here the classical intersection intersection matrix η ab = CP 4 5h a+b+1 = 5δ a+b,3 and its inverse η ab = 1 5 δ a+b,3 . By identifying t (resp. x) with t 1 (resp. x 1 ), we conjectured generally that
gives the mirror map for the mirror computation. Since CP 2 is a Fano manifold with c 1 (
Therefore, we have trivial mirror map if we only consider the two point virtual structure constants. That's why we introduce the multi-point virtual structure constants. If we pay attention to the fact that the classical intersection matrix of CP 2 is given by η ab = η ab = δ a+b,2 , we are naturally led to propose the following conjecture.
Conjecture 1 If we define the mirror map,
t j (x 0 , x 1 , x 2 ) := w(O h 2−j O 1 |(x 0 , x 1 , x 2 )) 0 ,(2.
68)
we have the following equality:
Conversely, if we invert the mirror map,
70)
we obtain the mirror formula to compute the rational Gromov-Witten invariants of CP 2 from the multi-point virtual structure constants:
By using the formula (2.60), we obtain the mirror maps explicitly. Of course, we can also compute one of the generating function,
If we invert the mirror maps and substitute them to (2.73),
the result coincides with O h O h (t 0 , t 1 , t 2 ) 0 computed from the associativity equation [12] . If we compute,
Comparison with the Result of Iritani's I-function
In this section, we demonstrate standard type of mirror computation of the CP 2 -model following Iritani's work [5] . We think that his method is fundamentally the same as the mirror computation by Barannikov [2] . According to Iritani [6] , this method starts from the following extended I-function.
exp(
Here, h is the hyperplane class of CP 2 and h 3 = 0. In this I-function, the parameter z plays the role ofh in Barannikov's formalism. For a function f (z, h, y 1 , y 2 ) that includes only positive power of h, we denote by (f ) h i (i = 0, 1, 2) the coefficient of h i . We define here the following 3 × 3matrix.
This matrix has the following structure:
where M (z, y 1 , y 2 ) and M nm (z) are 3 × 3 matrices. By computing M (z, y 1 , y 2 ) explicitly, we can observe that it includes both positive and negative powers of z. Following Iritani, we factorize M (z,
) includes only negative (resp. non-negative) powers of z. Since M (z, y 1 , y 2 ) has the structure of power series in e y 1 and y 2 with top term an identity matrix, we can execute this operation systematically. We then introduce the matrix:
The B-model connection matrix C 1 (y 1 , y 2 ) of this setting is given by, If we expand these functions in t 0 , t 2 and Q = e t 1 by substituting the inversion of the mirror map, the result turns out to be,
respectively. The final results coincide with our computation, but we can see from (2.72) and (2.83) that the mirror map in this case is different from our mirror map. As we have mentioned in Section 1, there exists infinitely many ways to include the parameter y 2 into the I-function [6] . Since we have tested only one possibility here, we cannot conclude that our formalism and Iritani's formalism have no connection.
Open String Case
In this section, we discuss generalization of the multi-point virtual structure constants to the open string case. First, we consider anti-holomolphic involution ϕ : CP 2 → CP 2 defined by ϕ(X 1 : X 2 : X 3 ) = (X 1 :X 2 :X 3 ). The subset invariant under ϕ is RP 2 , which is a Lagrangian submanifold of CP 2 . Next, we pick up a quasi map from CP 1 to CP 2 of degree 2d − 1,
We also introduce an involution u : CP 1 → CP 1 defined by u(s : t) = (t :s). With this set-up, we define a Z 2 -action on the quasi map given by q → ϕ
, this action induces an involution on the parameter space of quasi maps,
Let us consider a quasi map invariant under the above involution,
It maps the equator of CP 1 ({(e √ −1θ : 1) | θ ∈ [0, 2π) }), which is invariant under u, to RP 2 because,
Therefore, a quasi map invariant under the involution (3.87) can be regarded as a quasi map from upper half disk of CP 1 to CP 2 , which maps boundary of the disk to the Lagrangian submanifold RP 2 . Next, we consider M p 0,2|2n (3, 2d − 1). It was defined by dividing the set,
by the two C × actions given in (2.12). Motivated by the previous discussion, we introduce an involution v :
It is easy to check that v is compatible with equivalence relation by the two C × actions. Hence it induces an involution vp : M p 0,2|2n (3, 2d − 1) → M p 0,2|2n (3, 2d − 1) . We can easily extend vp to whole M p 0,2|2n (3, 2d − 1) by looking back at the construction in Section 2.1. Let us denote the extended involution by vp. With this set-up, we define the moduli space M p D,1|n (CP 2 /RP 2 , 2d − 1) as the invariant subset of M p 0,2|2n (3, 2d − 1) under vp. Roughly speaking, the degrees of freedom of this moduli space are described by,
and they are half of the ones of M p 0,2|2n (3, 2d − 1). Evaluation map
at the i-th marked point z i is defined in the same way as the closed string case. Note here that our construction allows the marked points to lie on the boundary of the disk. At this stage, we can define open version of the multi-point virtual structure constant.
Now, we compute the above intersection number by localization technique. First, we introduce U (1) action flow on M p D,1|n (CP 2 /RP 2 , 2d − 1) which is induced from the following U (1) action flow on the bulk part,
We can fix the ambiguity coming from R >0 × U (1) by regarding a 0 as a point [a 0 ] in CP 2 . Then we obtain,
Therefore, a point in the bulk part is fixed under the U (1) action only if
and ordered decompositions (
From the observation above and the discussion in Section 2.2, we can see that non empty fixed point set comes from the stratum that satisfy B i = ∅ (i = 1, 2, · · · , l). The fixed point set coming from the stratum labeled We proceed computation by assuming this quasi group. Then we can regard the above CP 2 as the set of orbifold singularities on which Z 2d−1 2 acts. With this consideration, we can also regard the fixed point set
as the set of orbifold singularities on which
We turn into determination of the localized integrand to compute
But there are many overlaps with the discussion in the closed string case. Hence we determine the localized integrand only from the fixed point set labeled by (d) and A 0 = {1, 2, · · · , n}. In this case, the fixed point set is given by (CP 2 ) 0 × M 0,2|n . The normal bundle for this set comes from the following contributions.
(ii) resolving the nodal singularity.
From the U (1) action given in (3.92), the part coming from (i) is identified with ⊕
The U (1) character for O CP 2 ( 2d−1−2j 2d−1 ) can be read off from (3.95) and it is given by,
Therefore, the contribution coming from (i) is given as follows.
where h 0 is the hyperplane class of (CP 2 ) 0 . The part coming from (ii) is identified with
Here, C 0 is the genus 0 stable curve described by M 0,2|n . 
As in the closed string case, we integrate the above equivariant form on M 0,2|n . The result is,
With this set-up, we cam write down the localized integrand to compute
, that comes from the fixed point set labeled by (2d − 1) and A 0 = {1, 2, · · · , n}.
where the factor action. Remaining computation goes in the same way as the closed string case. The result of localization computation is given as follows.
where we also used the alternate notation 0
We then use the trick of residue integral and non-equivariant limit θ j → 0 (j = 0, 1, · · · , d − 1) and obtain the following theorem.
Theorem 2
where we formally set
dz 0 is the operation of taking a residue at z 0 = 0, E
is the operation of taking residues at z j = 0,
is the operation of taking residues at z d−1 = 0,
respectively. (jz + (k − j)w)., (3.106) and,
Now, we can compute the open multi-point virtual structure constant w(O
In the above formulas, we take the residue integrals in ascending order of the subscript i of z i . (resp. otherwise).
This proposition followed from the localization computation applied to the open Gromov-Witten invariants [11, 14] and the non-equivariant limit. If we set N = 4, k = 1, we can compute the open Gromov Witten invariants of CP 2 . We then obtain the following data.
Our first approach to the question is to consider the generating function,
and to compute
2 ))) disk by using the mirror map (2.72). But this naive approach did not reproduce the above data. With some trials and errors, we found that the r.h.s. of (3.104) produces non-zero rational numbers when we formally insert O mi with m i ≥ 3. This fact led us to a new approach to consider insertions of O h j (j = 0, 1, 2, 3, 4, · · ·) even though H * , * (CP 2 ) is spanned by 1, h, h 2 . Explicitly, we consider the generating function,
At this stage, we have to define the mirror map for the variables x j (j = 0, 1, 2, 3, · · ·). If we pay attention to the fact that the mirror map in the closed string case was given by,
we are naturally led to the following definition,
This formula produces non-trivial rational number even when 2 − j < 0! With this set-up's, we conjecture that generating function of the open Gromov-Witten invariants of CP 2 :
can be computed by the equality:
We have one subtle remark here. Even when we fix d, the sum
contains infinite terms because we have O 1 and O h insertions. As for O h insertion, we have the equality,
Therefore, we can simplify the above sum to, 
We observed that these truncations do not affect the result of computation given in (3.117) up to degree 2d − 1 and t 0 , t 1 , · · · , t d . Of course, even after this truncation, the size of computation is huge. So, we only demonstrate the computation up to d = 3 here. The mirror map for t 0 , t 1 , t 2 , t 3 is given as follows.
but we also computed, is satisfied. The numerical data (3.108) are also reproduced. We extended the computation up to d = 6 and obtained the 
Application to General Type Projective Hypersurface
In this section, we discuss application of the multi-point virtual structure constants to Gromov-Witten invariants of degree k hypersurface in CP N −1 (in our works, we denote it by M 
O h m i ) disk,2d−1 = If we invert the above equality, our conjecture predicts the following equality.
In the open string case, we introduce genuinely from the open multi-point virtual structure constants. Comparing these results with the ones of CP 2 , the reason why we had to introduce the variables x j (j ≥ 3) in the CP 2 case is still unclear. We end this paper, leaving pursuit of this subject to future works.
